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Abstract—A reduced-rank space-time channel estimation while the fading gain is changing more rapidly. In [6], the slot-
scheme is presented for uplink multiuser DS-CDMA (direct- jnvariance properties of angles of arrivals and delay spreads
sequence code-division multiple access) systems in dispersivgyere translated into stationary spatial and temporal channel

MIMO (multiple input and multiple output) channels. The pro- b t id lex ioint | d del timati
posed method is based on the alternative power (AP) method with subspaces 1o avold complex joint angie and delay estimation.

the aid of pilot symbols. It is shown that the mean squared error Nevertheless, this approach fails to separate the dynamic
(MSE) of channel estimation can be improved via rank order fading gain from the stationary angle and delay responses.

selection where the optimal performance can be achieved using Thus, it is difficult to be extended in tracking the time-varying
the generalized likelihood (atio test (GLRT). Both analytical and channel gain.
simulated results are provided to demonstrate the performance . .
of the proposed scheme with various measure criteria. In this work, we present a reduced-rank space-time chan-
nel estimation scheme for DS-CDMA in dispersive MIMO
channels. The proposed scheme has lower complexity and can
. INTRODUCTION achieve a lower estimation error in comparison with the full-
A dispersive channel has an impulse response with largenk one. Moreover, this scheme can be extended to track time-
delay spread and the energy is concentrated in several smallying block-fading channels using the EM-based approach
regions within the overall delay spread. To mitigate the sevedeveloped in [7]. The reduced-rank scheme also outperforms
inter-symbol interference (ISI) in such a channel, the deahe full-rank one when joint angle and delay estimation is
sion feedback equalizer (DFE) is often employed [1]. Evesonsidered. The research conducted here is particularly useful
though the complexity of a DFE is lower than the trellisfor systems that involve large channel delay spreads and a large
based Viterbi algorithm, the performance is however degrademdimber of receive antennas, where rank reduction is inherent
Furthermore, the linear feedforward and feedback filter foria a multivariate system model.
conventional DFE can still be long. In this case, the reduced-The paper is organized as follow. The system model and
rank channel estimation method can lead to a reduced-st@ig receiver structure are described in Section II. Section IlI
equalizer/detector [1] to obtain suboptimum performance wigitesents a reduced-rank channel estimation scheme based on
much lower complexity. the AP method [4]. In Section 1V, the performance of the
In view of the advantages of reduced-rank estimation f@foposed reduced-rank scheme is evaluated and contrasted
dispersive channels, the reduced-rank maximum likelihoggth the full-rank scheme. Concluding remarks are given in
(ML) estimation proposed in [2] for a linear regression modetection V.
has been applied to multiuser CDMA case in [3]. However,
the complexity for the singular-value-decomposition (SVD)
and the square-root-inverse involved in this approach is high. Il. SysTEM MODEL

On the other hand, the AP method developed in [4] IS consider an uplink asynchronous DS-CDMA system with
computationally more efficient. Based on the AP methog, ,sers transmitting sequences of binary phase-shift keying

we have investigated herein the performance of reducqgpsik) symbols through their respective multipath channels.
rank estimation for MIMO DS-CDMA channels and evaluategh ,ring the training periods, the transmitted baseband signal

analytically the Cramer-Rao bound for various reduced-ragfge to thekth is given by
schemes.

In MIMO channels, once the channel estimate is available, T(t) = A ch(j)w(t —§T.), (1)
there are efficient ways to jointly estimate the angles of
arrivals and path delays [5]. The accuracy of estimates canwkere T, is the chip interval{c;(j)} is the spreading se-
improved by exploiting the stationary properties of a spacquence of usek taking values on the sdt1,+1}, andy(¢) is
time channel. The rationale is that, for mobile channels, tlzenormalized chip waveform of duratidF.. At the receiver,
angles of arrivals and path delays are relatively stationasy antenna array of,. elements is employed. Assume that

_ , _ each transmitter is equipped with a single antenna. Then, the
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single-input multiple-output channel with the following vector I1l. REDUCED-RANK CHANNEL ESTIMATION

impulse response. A. Reduced-rank Estimation

L Although the full-rank ML scheme is unbiased, it does not
h(t) = Z?(ekl)ﬁkl‘s(t = ki), @) take the space-time structure into account. We observe that
=1 the rank of the space-time channel matrix is governed by the
where L, is the number of paths in each user's channelank of the spatial matri® () and the temporal matri& (7).
B and 7, are the complex fading gain and the delayet y(n) = Hx(n) be an estimate of/(n) from x(n). The
of the Ith path of thekth user, respectively, and(fx;) is correlation matrix of the error vectar(n) = y(n) —y(n) can
the corresponding array response vector determined by Hrepresented as
array geometry and the angle of arrivy);. At each receive R . . .
antenna, the baseband received signal is passed through a Brip= E{2z(7)z(n)"} = Ryy Ry H" “HR{| +HR,:H".
matched filter. The discrete-time model for the received sigr\g\l)e assume thaR,, and R
is obtained by sampling the output of the matched filter at ﬂfﬁ‘num choice of the estim

Eh'po rzteT. The temporal support of the channel is assumedaté)p"ed toR .. The reduced-rank minimum mean square error
e[0, LT, RMMSE) estimate oH, denoted byH rra/1rsE, 1S given

_|||:|tr)st, let usl_cor(;slder tTt? single uslert cas:reh andq thet ret_Slﬂgfminimizing the trace oRzAz subject to the rank constraint
will be generalized to multiuser case later. The discrete-time_ min(L,, L.). By writing Hrraase — ABY, whereA

model can be written as and B have full column rank, we observe that

y(n) = Hx(n) +n(n), ) {R..} = t1{(AB"RuB — Ry B)(B"RB)~!
whereH = [h(0),h(T¢),...,h((L. — 1)T;)] is the L, x L. (AB"R,B — RyB)?} +f(B) (8)
space-time channel matrix anti(n) is the temporal white — {RCL(R BAYA _ RH A)AHA)
zero-mean Gaussian noise with covariaRg. The space- o xx AT . ny o
time channel matrix also satisfies the following factorization (RxxBA"A R, A)"}+0(A), (9)

[5] where
Br---0 g’ (m)

vy are nonsingular. The op-
at#l depends on the measure

fB) = tr{Ryy — RyxB(B"RxxB) 'B"R/.},

H
g(A) = tr{Ryy —RGRILAATA)TATRy, ).

@(91) ?(eLp)] : .o :
0---6r,] |&"(rz,)
= &(0)diag(8)GT (1), (4) According to (8) and (9), we can minimize-{R,,} with

. - respect toA and B alternately, and obtain the following
where g(7;) is the L. x 1 sampled delay waveform of thejierative equations:

convolution of the transmitted pulse and the matched filter.
After collecting N samples, (3) leads to A(i+1) = RyxB(i)(B(i) "RxxB(i)) !,
Y = HX + N, ) B(i+1) = RiRE A +1)(A(i + )" A(i +1))7(10)

whereX is an L. x N Toeplitz matrix of training sequences.! NS iterative approach (called the AP method in [4]) is a
The unconstrained maximum likelihood estimate (MLE) of thgeneralization of the power method [8] in computing the

channel is found to be principal components of a given matrix. Let us defRg. =
R RyxR;,fI/2, which has the singular value decomposition
Hy = RyxRg}, (6) (SVD) as
where Ry, = 3N y(n)xf(n) = LYX?, Ryx = min(Ly,Lt)
LYY x(m)xH(n) = LXXT. Lety = vee(Y), h = Rir= Y, o =Up1Zua Vi +U02%02Vio,
vec(H), andn = vec(N), wherevec(-) denotes the operator i=1

of stacking columns. The MLE is unbiased and the meawheres; > oj,i < j,andX,, ; contains the largestsingular
square-error (MSE) of the MLE can be obtained from thgalues. It was shown in [4] thak (i/)B(4) converges globally

trace of the covariance of the estimation error vector and exponentially to the reduced-rank wiener filter (RRWF):
Ahyyp, = vee(Hy, —H) = %((RQJX)* ®1Ir,)n. A(BGH)T — RyRSPV, VI RI/? (11)
where X* denotes the conjugate &£ and ® denotes the = Uy Uf RyxRie (12)
Kronecker product. The covariance can be obtained as Upon convergence, we have
Cov{Ahy} = %Rf{;l ® Ry. A(l) = RyxRZI?V,..Q
Therefore, the MSE is given by B(i) = RJ*v,.Q ", (13)

@ where Q is a nonsingular matrix depending on the set of

1
MSEn; = —tr{Rtr{R,}. . )
ML =N {Rooc }tr{Ra} the initial values for the first iteration. The AP method can



be implemented using onk§ (max(L2r, L?r)) operations per ~ Assume that the rank-estimation error isO(e) wheree

iteration. is a small number depending only on the data length and the
It is further assumed that the color/ noise is t/emporaliyoise level. We have

uncorrelated. Let us definB.; £ Ryy *RyxRun'’>. By A BH _ ARH

minimizing the negative log-likelihood function &, one can ATPT = ABT+0(e). R (23)

easily verify that the reduced-rank ML (RRML) estimate offhen, it follows thatA, = A, Q. +O(¢), andB, = B, Q;+

H is given by O(e), where Q,Qf’ = I. According to (13) and (22), the
Hppyy = RyxR;f/deet,lvfgt’lR;i/2 (14) Eftimated singular values are given by the diagonal elements
1/2 H —1/2 -1
- Ryé, Udet.lqdd’lRyy-/ ]':{’yxft‘xx7 (15) At7»71 = Aﬁcyx]gv.
whereUyg.; 1 and V4. ; are similarly defined as above. The = QYQYA,.1Q7Q,+Oe). (24)

RRMLE is used to minimize the determinant Bf,,. ) o H o1 Y )
The MSE of the RRMLE can be derived as (see Appendix SinceQ,; Q" Q~"Q, = I, we haves; = o7 + O(e) for

for the proof) i=1,...,r. Therefore, we conclude that when the estimated
1 rank 7 is the actual rank of, the accuracy of the first
MSEgpr = N(tr{R,*(;l/QHB*R,*(;H/z}tr{Rn} +  (16) estimated singular values is at least as good as that of the first

r pairs of estimated canonical components.
tr{RE V210G REC T2 MRV 2T A REH/2Y), P P

XX

wherellg, = B*(BTB*)~!B7 is the projection matrix of C. Space-time Channel Estimation
B*, H% = I — llg- and Il4 is similarly defined. Since  For time-varying channels, the angle of arrival and time

tr{R5*IIAR:"?} < tr{Ry}, we have delay of each path are more stationary than the fading channel
1 —1/2 L \pas_H/2 gain. Thus, we assume that the spatial ma®i¢¢) and the
MSErr = (tr{Ri/“(llp- + 5. )Ry ™/ “}tr{Rn})  temporal matrixG(r) are time-invariant during/ blocks,
= MSEuy7L. while the channel gaim(m) changes block by block. By the
vectorization operator, (4) leads to
B. Estimation Error and Rank Selection h(m) = (G ® ®)vec(diag(B(m))) = (G o )B(m), (25)

Let the reduced-rank estimate Hf of rank order- be H,. = . D
A ) o . where¢ denotes the Khatri-Rao product, which is a column-
A, B/’. The normalized estimation error corresponding to the. . X
selected rank can be written as wise Kronecker. product. Defan_ = G o ®. By collecting
R the channel estimatH(m) from different M blocks, we can
AH, = |H - H,|/|H]|. (17) form an estimation equation for bold andj.
The MLE of parametersU, 3} can be reduced to the

If the rank of the composite channel matd#k is unknown, S .
minimization of the loss function

the optimum rank ordef is given by o
. . B 1 .
7 = arg min |[H — H,|?, (18) L(U,p) = 7 Z Ih(m) — UB(m)|?, (26)
m=1

which can be determined by the GLRT developed in [2]. . ) .
Consider the test statistics subject to the constraint thaank(U) = L,, whereh(m) =

min(LnLe) vec(H(m)). The loss function can be minimized by solving
& = —N Z In(1 — 62), (19) the two sub-optimization problems with respectlWoand 3

¢ alternatively and iteratively as

i=7r+1
where N is the length of the collected sample vectors. Let B(m) = (UTU)""U"h(m), (27)
d.(7) be the threshold such that the following condition is U = argmintr((I, 1, —Ily)Ry), (28)
met: U o
Priw>06.(f)} =, (20) wherelly = U(UHU)~1U¥ is the projection matrix onto

. . : the subspace spanned by the columnstaf and R; =
here e is a small nhumbere(is chosen to be 0.05 in the - A h
wnere ¢ | " 1 I LM h(m)bf (m). Many of the well-known methods

simulation), andv is approximated as a chi-square distributed?
random variable with(L,, — #)(L. — 7) degrees of freedom. such as MUSIC, ESPRIT [9], and JADE-ESPRIT [5] can be

- - used to solve (26). Please note that the minimizer in (28)
Then, the rank should be the firstthat satisfies should satisfyily — ERBEQE where Ex,, contains the
& < 0c(7). (21) leading eigenvectors of correlation matif; .
After U is estimated, the block fading channel (5) can be
X rewritten as
67 = & Ryxby, (22) y(m) = T(X(m), U)(m), (29)

wherea; and b, are theith columns of matrices\ and B, whereI'(X(m), U) = (X(m) ® I,)U. Therefore, the recur-
respectively. These vectors are also called canonical vectsige EM algorithm developed in [10] can be used to track the
[4]. time-varying g(m,).

The singular valuess?, in (19) can be updated via



D. Multiuser Case

For the multiuser case, the discrete-time model (5) can be
written as

Y = (X + N, (30)

N £
where H = [H;,...,Hg] is the multiuser channel matrix 8
and X = [XT,... X¥L]T collects the multiuser training E

sequences. If we treat the interference signal plus noise as
a color Gaussian vector, the reduced-rank channel estimation
scheme developed above is still valid.

To improve the performance of channel estimates under 107 5 . . : . )
multiple access interference (MAI), we adopt an interference Number of terations
cancellation scheme. The received S|gnal for mssrreplaced Fig. 1. The convergence of the normalized estimation error as a function
by of the iteration number with,, = 10, L, = 40, N = 200, r = 4 and
K SNR=15dB.
Ye=Y- ) HX, (31)
i=1,i#k 10"
whereH,; is the estimated channel parameters of the previous :52;,
stage of interference cancellation. A new channel estimate of Wl

H, can be obtained for usér using the less noisy received

signal Y. The interference cancellation process is repeated
until H, reaches it steady-state value. Note that the received 2107
signal for channel estimation differs from one user to the other.

-+ FR with ideal correlation Rxx

|| 7~ FRanalytic CRB K=1
10 "4 =® FR simulated K=4

IV. SIMULATION RESULTS A

Simulation results are presented to demonstrate the per- : ‘ ‘ ‘ ‘
formance of the proposed reduced-rank maximum likelihood = 0 ® SR (m) 5 2
channel estimation scheme. It is compared with the full-rank
scheme. A case of four users with an equal transmitted pov!f&- 2. The MSE-versus-SNR plot for the full-rank (FR) and the reduced-rank
is considered. User no. 1 is the desired user. A randdf estmates oHLwith L =10, Lo =40, N .= 200, andr = 4.
spreading sequence is assigned to each user. An array of
L, = 8 half-wavelength spaced sensors are employed at
the receiver, and the number of paths corresponding to eaclirig. 4 compares results of using the full-rank and the
user's channel is set td,, = 10. The spatial diversity reduce-rank schemes to estimate the space-time response ma-
of the desired user is fixed at = 4 with the angles of trix U. The reduced-rank estimate still outperforms the full-
arrivals equal to[—5(2),0(3),5(2),10(3)] and time delays rank one in the MSE performance. As shown in the figure, to
[0,2,5,10,15, 20,25, 30, 35, 38]7... The multipath fading co- achieveMSE = 2 x 102, a gain of 5dB in SNR is achieved
efficients are generated from a complex Gaussian distributiththe reduced-rank channel estimatig; - is used for the joint
with a zero mean. The experimental MSEs of estimates &@@gle and delay estimation model in (26).
averaged over 500 Monte Carlo runs.
Fig. 1 shows that, after 6 iterations, the normalized esti- V. CONCLUSION
mation error is very small. A lower bound(~3) is reached i L
when the SNR is fixed at 15dB. The straight line shows that the réduced-rank space-time channel estimation scheme was
AP method converges exponentially. Each line represents fji@Posed for multiuser DS-CDMA systems under dispersive
result from a different experimental environment with differerd{€9Uency selective fading. The proposed method is based on
fading coefficients. t e AP mgthod ywth the aid of training sequences. Both analyt-
Fig. 2 compares the analytical and simulated results for tf?@l and simulation results demonstrated that the reduced-rank

full-rank as well as the reduced-rank estimates, where MSECf%SaEr;EI e”stlsnlzlaée olutper_r%rms Otlhe gull-ral?khone Iln te_rms _Of
plotted as a function of the signal-to-noise-ratio (SNR). THYSE fora values. The reduced-rank channel estimation

egcheme also provides better performance than the full-rank
one when used as the input data for the joint angle and delay
estimation scheme.

reduced-rank MSE outperforms the full-rank one in all cas
For example, to achieve BISE = 2 x 1072, a 3dB gain in
SNR is provided if reduced-rank scheme is adopted.
Fig. 3 gives the relationship between the length of the

training sequence, the input SNR and the accuracy of channel APPENDIX: CRAMER-RAO BOUND DERIVATION
estimate. For example, to achiedSE = 2 x 102, a gain

of 5dB in SNR can be obtained if the length of the training
sequence is extended from 200 to 300. ¥ =vec(Y) = (X" ®1I,, )h+n.

Applying the vectorization operator to (5), we have
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and (32) becomes

J = ND"(R;, ® R;")D,

The rank ofJ is determined by the rank db since ma-

trix R:, ® R,! is positive definite. Thereforgank(J) =
rank(D) = r(L, + L. —r), and the CRB should be modified
as [11]

Cov{h} > CRB{h}=DJ'D#? (34)

R © RY) T (R © RET?),

whereJ' is the Moore-Penrose pseudoinver$é,= (R§§/2®

Fig. 3. The MSE versus the lengti of the training sequence for the R;l/Z)D and Iy = W(WHW)TWH is the projection

reduced-rank estimatEH .

matrix onto the subspace spanned by the column¥Vofit

can be shown that

i FR M=20
@ RR M=20
— FR M=40
== RR M=40

MSE of U

L
15 20

10
SNR (dB)

Fig. 4. The MSE-versus-SNR plot for the estimates of space-time response
matrix U with the initial channel estimates from the full-rank (FR) and the
reduced-rank (RR) schemes. The channel parameteis,ate 10, L. = 40,

N =200, r =4, and L,, = 10. [1]

(2]

Recall thatH = AB”. Let a = vec(A) andb = vec(B¥).

Then, we have 3]

h=(B*®I; )a= (I, ®A)b.
Let J denote the so-called compl&sher information matrix
(FIM), which is associated with the estimation problem undefs)
discussion. Then, we have

(4]

9Inp(y;J)
00"
It is well known that the covariance matrix of any unbiased7)

estimator ofa(d) is lower bounded by the Cramer-Rao bound
(CRB) matrix, i.e.

E{(a — E{a})(a — E{a})"} > DI 'D¥,

where for any two Hermitian matrice® and P, O > P
means that the differend® — P is positive semi-definite, and

ab n Oa
o’ o9’
whereb = E{a} —a is the bias of the estimate. The parameter
vector is¥ = [a” b”]”. Assume that an unbiased estimate is
obtained,i.e. # = r. By substitutingae = h andb = 0 into
(33), we have

J=E{AAF}, A= @32)

(8]
[9]
(20]

(11]

D £ E{(a - E{a})A"} = (33)

D= [B*®ILT ILC®A]7

MSE{h}

IIw = H]J_S,* @A +1p- @1IL,.

After some simplificationMSE{h} can be evaluated as

1
~ (R e R tr{Ra )+ (35)
r{RyPTIg. R 2 (R PTIARH/2Y).

If training sequences are designed with ideal correlation
R,x = ¢*I;. and the noise is white, the MSE above can
be further simplified to

2
MSE{h} = CS—”NT(LT +L.—7).

T

(36)
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